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Abstrat
Quaternion analysis of time dependent Maxwell's equations in presene
of eletri and magneti harges has been developed in unique, simple
and onsistent manner. It has been shown that this theory is extended
onsistently to time-harmoni Maxwell's equation for dyons.
Dira put forward the idea of magneti monopole[1℄ while the fresh in-
terests on the subjet of monopoles was enhaned by the work of t Hooft [2℄
and Polyakov [3℄ and its extension to the ase of dyons by Julia and Zee [4℄ .
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Consequently, these partiles beame intrinsi part of all urrent grand unied
theories [5, 6℄ with their enormous potential importane [7, 8, 9, 10, 11, 12, 13℄
in onnetion with various physial problems. Keeping in view the results of
Witten [13℄ that monopoles are neessarily dyons, a self-onsistent and ovariant
quantum eld theory for dyons eah arrying the generalized harges as its real
and imaginary parts has been onstruted [14, 15℄ and aordingly the quater-
nioni forms of generalized eld equations of dyons are developed [16, 2, 18, 19℄
in unique, simpler and ompat notations. On the other hand Kravhenko [20℄
has analysed the Maxwell's equation in the presene of soures, time-dependent
eletromagneti elds in homogeneous (isotropi) and hiral medium. In our
previous papers, we [21, 22℄ have analysed the generalized Maxwell's -Dira
equations in homogenous(isotropi) medium, developed their quaternioni for-
mulation and also obtained the solutions for the lassial problem of moving
dyonsin simple, ompat and onsistent manner. Keeping in view all these fats
in mind, in this paper, we have studied the Maxwell's equations in presene of
eletri and magneti soures (i.e. dyons) and extended the generaliged eletro-
magneti eld equations assoiated with dyons to the ase of time dependent
harmoni Maxwell's-Dira equations of dyons in simple, ompat and onsistent
way. It has been emphasized that the theory redues to the theory of dynamis
of eletri (magneti) harge in the absene of magneti (eletri) harge on
dyons.
Assuming the existene of magneti monopoles in homogeneous (isotropi)
medium, we have dedued the generalized Maxwell's-Dira eld equations of
dyons in the following form [7℄;
−→∇.−→E = ρe
ǫ−→∇.−→B = µρm
−→∇ ×−→E = −∂
−→
B
∂t
−
−→
jm
ǫ
−→∇ ×−→B = 1
v2
∂
−→
E
∂t
+ µ
−→
je (1)
where ρe and ρm are respetively the eletri and magneti harge densities
while
−→
je and
−→
jm are the orresponding urrent densities,
−→
E is eletri eld in-
tensity and
−→
B is magneti eld intensity while ǫ and µ are dened respetively
as relative permitivity and permeability of the medium in eletri and magneti
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elds. Dierential equations (1) are the generalized eld equations of dyons in
homogeneous (isotropi) medium and the eletri and magneti elds are or-
respondingly alled generalized eletromagneti elds of dyons. These eletri
and magneti elds of dyons are expressed in terms of omponets of two ele-
tromagneti potentials in following dierential form in homogeneous (isotropi)
medium i.e.,
−→
E = −−→∇φe − ∂
−→
C
∂t
−−→∇ ×−→D (2)
−→
B = −−→∇φm − 1
v2
∂
−→
D
∂t
+
−→∇ ×−→C (3)
where {Cµ} = {φe,−→vC} and {Dµ} = {vφm,−→D} are the four-potentials respe-
tively assoiated with eletri and magneti harges of dyons. Let us dene the
omplex vetor eld
−→
ψ in the following form [7℄
−→
ψ =
−→
E − iv−→B. (4)
Equations (2,3) and (4) then lead to the following relation between generalized
eld and the omponents of generalized four-potential as,
−→
ψ = −∂
−→
V
∂t
−−→∇φ− iv(−→∇ ×−→V ) (5)
where {Vµ} is the generalized four-potential of dyons in homogeneous (isotropi)
medium given by
Vµ = {φ,−→V } (6)
where
φ = φe − ivφm (7)
and
3
−→
V =
−→
C − i
−→
D
v
. (8)
Maxwell's eld equation (1) in isotropi medium may then be written in terms
of generalized eld
−→
ψ as
−→∇ · −→ψ = ρ
ǫ
(9)
−→∇ ×−→ψ = −iv(µ−→J + 1
v2
∂
−→
ψ
∂t
) (10)
where ρand
−→
J are the generalized harge and urrent soure densities of dyons
in homogeneous medium given by [7℄,
ρ = ρe − iρm
v
(11)
−→
J =
−→
je − iv−→jm. (12)
In terms of omplex potential the eld equation is written as
φ = vµρ (13)

−→
V = µ
−→
J (14)
We may thus write the following tonsorial form of generalized Maxwell's -Dira
equations of dyons in homogeneous (isotropi) medium [7℄ as
Fµν,ν = j
e
µ (15)
F dµν,ν = j
m
µ . (16)
Dening generalized eld tensor of dyons as
Gµν = Fµν − ivF dµν . (17)
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One an diretly obtain the following generalized eld equation of dyons in
homogeneous (isotropi) medium i.e.
Gµν,ν = Jµ. (18)
Using the Fourier transform, any eletromagneti eld an be represented as
an innite superposition of time-harmoni (monohromati) elds. These elds
are normally osidered as the main objet of study in radio eletronis, wave
propagation theory and many other branhes of physis and engineering. A
time harmoni eletromagneti eld has the following form [20℄,
−→
E (x, t) = Re(
−→
E (x)e−iωt) (19)
and
−→
B (x, t) = Re(
−→
B (x)e−iωt) (20)
where the eletri eld
−→
E and magneti eld
−→
B depend on the spatial variables
x = (x1, x2, x3) and all dependene on time is ontained in the fator e
−iωt
.
−→
E
and
−→
B are expressed as the omplex vetors alled the omplex amplitudes of
eletromagneti eld and ω denotes the frequeny of osillations.Substituting
the values of
−→
E and
−→
B into the generalized dyoni equation (1) in isotropi
medium, we obtain
−→∇.−→E = ρe
ǫ−→∇.−→B = µρm
−→∇ ×−→E = −iω−→B −
−→
jm
ǫ
−→∇ ×−→B = − iω
v2
−→
E + µ
−→
je . (21)
Let us denote α = ω
√
ǫµ = ω
v
, where the square root is hosen that Imα ≥ 0,
The quantity α is alled the wave number. Let us write the
−→
D ,
−→
E and
−→
B in
the following quaternioni form as,
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D = ∂1e1 + ∂2e2 + ∂3e3 (22)
E = E1e1 + E2e2 + E3e3 (23)
B = B1e1 +B2e2 +B3e3 (24)
where e1, e2and e3are the elements of aquaternion and satisfy the following
multipliation rule,
e2
0
= 1
ejek = −δjk + ǫjklel (25)
where δjk and ǫjkl (j, k, l= 1,2,3 and e0 = 1) are respetively the Kroneker
delta and three-index Levi-Civita symbol. Using equatios (22,23,24) , we get
the following quaternion dierential equations i.e.
D
−→
E = (∂1e1 + ∂2e2 + ∂3e3)(E1e1 + E2e2 + E3e3)
= − ρe
ǫ
−
−→
jm
ǫ
+ iω
−→
B (26)
and
D
−→
B = (∂1e1 + ∂2e2 + ∂3e3)(E1e1 + E2e2 + E3e3)
= −µρm+ µ−→je − i ω
v2
−→
E . (27)
Let us introdue the following pairs of purely vetorial biquaternioni funtions,
−→
l = − iω
v2
−→
E + α
−→
B (28)
and
6
−→m = iω
v2
−→
E + α
−→
B. (29)
Taking the divergene of third and fourth equation (21), we get the following
pairs of ontinuity equation for eletri and magneti harges i.e.,
−→∇.−→je − iωρe = 0 (30)
and
−→∇.−→jm − iωµǫρm = 0. (31)
Applying the quaternioni operatorD given by equation (22)to the quaternioni
form of J the generalized urrent of dyons and using equations (26,27 )and
(30,31), we get
D
−→
l =
1
ǫv2
[
−→∇.−→J ∗] + αµ−→J ∗+α−→J (32)
where
−→
J ∗is the omplex onjugate of dyoni urrent density in homogeneous
(isotropi) medium given by equation (12). Thus
−→
J satises the equation whih
is derived by equation (32) as,
(D − α)−→J = µ[−→∇.−→J ∗] + αµ−→J ∗ . (33)
Analogous to equation (33),
−→m also satises the equation (33) as,
(D −+α)−→m = −µ[−→∇.−→J ] + αµ−→J . (34)
Thus, the proess of diagonalization an be written in the matrix form as
(
D −iω
iω D
)( −→
E−→
B
)
= Bα
(
D − α 0
0 D + α
)
B−1α
( −→
E−→
B
)
(35)
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where
Bα =
(
− iω
v2
α
iω
v2
α
)
(36)
and
B−1α =
(
− v2
iω
v2
iω
1
α
1
α
)
. (37)
As suh, we have obtained the two deoupled equations for the unknown ve-
tors
−→
J and −→m , whih simplies the analysis of the generalized Maxwell's-Dira
equation of dyons in homogeneous (isotropi) medium. These equations re-
due to the theory of eletri harge (magneti) monopole predited earlier by
Kravhenko [20℄ in the absene of magneti (eletri harge) or vie versa.
Referenes
[1℄ Dira, P. A .M, PRC. R. So. London Se , A 133 (1931),60.
[2℄ t' Hooft, G, Nul.Phys., B79 (1974),276.
[3℄ Polyakov, A. M., JEPT Lett, 20 (1974), 194.
[4℄ Julia. B and Zee. A, Phys. Rev. , D11 (1975), 2227.
[5℄ Dokos C and Tomaros, T., Phy. Rev., D21 (1980), 2940.
[6℄ Preskill J. Annu. Rev. Nul. Part. Si., 34 (1984), 461.
[7℄ Callen C. G., Phys. Rev., D25 (1982), 2141.
[8℄ Rubakov V.A., Nul. Phy. B., 203 (1982), 211.
[9℄ Mandelstam S., Phys. Rev., D19 (1976), 249.
[10℄ t' Hooft G., Nul.Phys., B138 (1978),1.
[11℄ Rajput, B. S., J. Math, Phys. , 25 (1984), 351.
[12℄ Rajput, B. S. and Rashmi Gunwant, Ind. J. of Pure and Appl. Phys., 26
(1988), 538.
8
[13℄ Witten .E, Phy. Lett. , B86 (1979), 283.
[14℄ Rajput, B. S. and D. C. Joshi, Had. J., 4 (1981), 1805.
[15℄ Rajput, B. S. and D. S. Bhakuni, Let. Nuovo Cimento, 34 (1982), 509.
[16℄ Bisht, P.S., Negi, O.P.S and Rajput B.S., Int. J. Theor. Phys., 32 (1993),
2099.
[2℄ Bisht, P.S., Negi, O.P.S and Rajput B.S., Il Nuovo Cimento, A104 (1991),
337.
[18℄ Bisht, P.S., Negi, O.P.S and Rajput B.S., Prog. Theor. Phys., 85 (1991),
151.
[19℄ Bisht Shalini, Bisht, P.S. and Negi, O.P.S , Il Nuovo Cimento, B113 (1998),
1449.
[20℄ Kravhenko, V.V., Applied Quaternioni Analysis, Researh and Exposi-
tion in Mathemetis, 28 (2003), Heldermann Verlage, Germany.
[21℄ Jivan Singh, P. S. Bisht and O. P. S. Negi, Generalized elds of dyons in
Isotropi Medium, arXiv:hep-th/0611208 .
[22℄ Jivan Singh, P. S. Bisht and O. P. S. Negi, Quaternion Analysis of gener-
alized elds of dyons in Isotropi Medium, arXiv:hep-th/0703083.
9
